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Abstract 
Ranking of fuzzy numbers play an important role in decision-making, optimization, forecasting etc. fuzzy 
numbers must be ranked before an action is taken by a decision. In this paper, a new approach based on the 
left and the right area of fuzzy numbers is proposed for ranking of non-normal and normal trapezoidal and 
triangular  fuzzy  numbers.  This  method  contains  simpler  calculation  than  other  ranking  methods  in 
comparison. 
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1 Introduction 
Fuzzy set theory is a strong tool to deal with real life situations. Real numbers can be linearly ordered by 
  or   but, this type linearity does not exist in fuzzy number, since fuzzy numbers are represented by the 
possibility distribution, they can overlap each other.Therefore, it is difficult to determine any order and 
there exists a huge number of published researches such as[               ]. 
The method for ranking was first proposed by Jain[  ], since then, numerous methods have been proposed 
for ranking special kinds of fuzzy numbers with different flaws. some of these methods can only be used in 
certain environments, and some others can be used only when the membership functions have certain 
properties such as normal trapezoidal, triangular and so on. 
In 1980, Yager was the first researcher to use the concept of centroid in ranking fuzzy numbers[  ], where 
he used the horizontal coordinate of the centroid point   ̂ as the ranking index. In this method, the fuzzy is 
considered to be larger if its corresponding   ̂ is larger. This method does not correctly rank the fuzzy 
numbers when    ̂is the same for different fuzzy numbers, but their   ̂are different, where   ̂ is the vertical 
coordinate of the centroid point of fuzzy number. To over come this error, Cheng[ ] used the distance 
between the centroid point and the original point (0,0) to order the fuzzy numbers. In this method, in the 
process of ranking fuzzy numbers, the larger this distance is, the larger a fuzzy number is considered. The 
Cheng’s method was not flaw less either. By this method, if 2 1 A A  , so it is logical that  2 1 A A    , but 
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by this index 2 1 A A    , to over come this flaw, Chu, Tsao [ ], used the area between the centroid point 
and the original point as an index of ranking fuzzy numbers, by this method, the larger this area the larger 
its corresponding fuzzy number in the ranking process. 
In 2008, Wang and Lee [  ] claimed that the multiplication of the values of   ̂ and   ̂, in chu and tsao’s 
method, cause to reduce the validity (importance) of the value of   ̂, was incorrect, because, the larger the 
  ̂, the larger the corresponding fuzzy number is, and if of two numbers is the same, then   ̂ should be used. 
In 2009,  Wang et al [  ] indicated (claimed)  Wang and  Lee’s method does not rank fuzzy numbers 
correctly when having the same centroid points. They used the left and the right deviation degree of fuzzy 
numbers  as  ranking  index.  This  approach  does  not  rank  fuzzy  numbers  correctly.  The  flaws  of  this 
methods were over come based on the left and the right area of fuzzy numbers by Mahmodi nejad and 
Mashinchi [  ]  
Chen and Tang [ ]proposed a approach based on the convex combination of the left and right integral 
values of fuzzy numbers for ranking fuzzy numbers. But, this method ranked only fuzzy numbers with the 
same height. Amit Kumar et al [  ]could over come this flow of Chen and Tang’s method by minimizing 
the height of fuzzy numbers. 
In  this  paper,  a  new  approach  is  proposed  for  ranking  normal  and  non-normal  fuzzy  numbers.  The 
proposed method is much easier and helpful in comparison with other methods. In section 2, some basic 
definitions are reviewed. In section 3, a new method is introduce for ranking  normal and non-normal 
trapezoidal and triangular fuzzy numbers. 
In section 4, the validity of the proposed method is compared with others by some examples. Conclusion 
are presented in section 5. 
 
2 Preliminaries and notations 
In this section, some basic concepts and definitions on fuzzy number are reviewed. 
 
Definition 2.1. Fuzzy number: 
A fuzzy number  ̃, is described as any fuzzy subset of the real lineR with membership function    ̃ 
which processes the following properties: 
(a)    ̃is a continuous mapping from R to the closed interval [0,w], 0   w   1. 
(b)    ̃ (x)=0, for all x (- ,a]. 
(c)    ̃, is strictly increasing on[a,b]. 
(d)    ̃(x)=w, for all x  [b,c], where w is constant and w  (0,1]. 
(e)    ̃, is strictly decreasing on [c,d]. 
(f)    ̃(x)=0, for all x  [d,  , where a, b, c,d are real numbers. 
The membership     ̃ of can be expressed as 
 
   ̃(   =
{
 
     ̃
 (                                       
                                              
    ̃
 (                                       
                                                     
                                                                                                  (2.1) 
 
Where    ̃
  : [a,b] [0,w] and     ̃
 : [c,d]  [0,w].Since     ̃
  and     ̃
 are continuous and strictly increasing and 
decreasing respectively, then inverse function of     ̃
 and     ̃
  can be denoted by    ̃
   and    ̃
 respectively. Since 
   ̃
   and    ̃
  are continuous on [0,w] so they are integrableon [0,w]. That is, both ∫    ̃
  (    
 
  and 
∫    ̃
 (    
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The set of all fuzzy numbers, as defined in Definition 2.1, is denoted by E. 
 
Definition 2.2. A trapezoidal fuzzy number: 
A  trapezoidal  fuzzy  number    ̃=(a,b,c,d;w)  is  described  as  any  fuzzy  subset  of  the  real  line  R  with 
membership function    ̃ in E expressed as:[6] 
 
   ̃(  =
{
 
 
 
 
 (    
                                    
                                           
 (    
                                    
                                                  
                                                                                                       (2.2) 
Then the inverse of    ̃(  is: 
   ̃(  ={
   
   
                                                     
   
   
                                                     
                                                                               (2.3) 
If, w=1, then   ̃is a normal trapezoidal fuzzy number, and if  0 < w < 1.  ̃ is a non-normal trapezoidal fuzzy 
number. For convenience, the fuzzynumber in Definition can be denoted by    ̃=(a,b,c,d;w). The image 
(opposite) of   ̃=(a,b,c,d;w) can be given by   ̃=(-d,-c,-b,-a;w).  
when b=c, a trapezoidal fuzzy number   ̃=(a,b,c,d;w) is called a triangular fuzzy number. A triangular 
fuzzy number, denoted symbolically by   ̃=(a,b,d;w), is defined as: 
 
   ̃(  ={
 (    
                                           
 (    
                                           
                                                    
                                                                                                (2.4) 
 
3 A new approach for ranking of fuzzy number: 
In this section, a novel method based on the left and right area of fuzzy numbers is proposed for ranking 
of (normal, non-normal ) trapezoidal and triangular fuzzy numbers. 
 
Definition 3.1. 
Consider the following fuzzy number   ̃ , i=1,...,n, of fuzzy sets: 
   ̃    (                               
k is defined as follows: 
 
       {|  | |  | |  | |  |      ̃              }                                                                                         (3.5) 
 
where k is a positive integer. 
for any fuzzy number in E,   ̃
 
 i=1,...,n, is given by: 
 
  ̃
 
    (
  
   
  
   
  
   
  
     )   (  
    
    
    
                                                                                          (3.6) 
 
Definition 3.2. Let   ̃
 
 ,  i=1,...,n be a fuzzy number in (3.6) 
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then areas   
 and   
 of the left and right sides of the fuzzy numbers   ̃
 
 are defined as follows: 
 
  
    ∫ (   ̃ 
    (         
  )                 
  
                                                                                                       (3.7) 
  
    ∫ (    
       ̃ 
    (  )                 
  
                                                                                                      (3.8) 
 
based on (3.7),(3.8), the proposed ranking index of    ̃
 
 ,  is defined as follows: 
 
    
  
 
    
                                                                                                                                             (3.9) 
 
Definition 3.3. For any two fuzzy numbers,   ̃ and   ̃ , in E, based on (3.9), their order is defined by: 
                      
                                                                                                                                                      (3.10) 
                     
 
Theorem 3.4. Let fuzzy number   ̃  n i ,..., 2 , 1 ,  , in E , then we have: 
(1) 0 1,2,...,
R
i S i n   
(2) 0 1,2,...,
L
i S i n   
 
Proof (1): According to (2.3) we have: 
 
   ̃ 
 
  (         
(        
     
 
         
   
 
Since    
            
                    
 
According to (3.6) we have:            and y     
  
(        
         
Then: 
    
(        
                
   
   ̃ 
 
  (        
 
  ∫ (    
       ̃ 
 
  (  )      
  
 
 
    
      
 
Proof (2): According to (2.3) we have: 
   ̃ 
 
  (         
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Then: 
    
(        
           
        
(        
         
  ∫ (   ̃ 
 
  (         
  )       
  
 
 
    
      
 
Above theorem shows that in the proposed ranking index (3.9), the denominator of fractions is not to be 
equal to zero and the index is not negative. 
 
Theorem  3.5.  Let    ̃=(a,b,c,d;  )  and    ̃=(a,e,d;  )  be  trapezoidal  and  triangular  fuzzy  numbers 
respectively and a  b  e  c  d then: 
 
(     
 (  ̃       
 (  ̃  
(     
 (  ̃       
 (  ̃  
 
Proof (1): According to (3.7) we have: 
   
 (  ̃ )     
 (  ̃ )   ∫ (    
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  )  
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We have        then 0          
     
(      
    then we have: 
      ∫ (
(        
   )  
  
 
 
  0     
 (  ̃ )     
 (  ̃ ) 
     
 (  ̃ )     
 (  ̃ ) 
 
      
   
 (  ̃       
 (  ̃  
 
Proof (2): The remaining proof is similar to the proof (1) 
 
Algorithm  
Step 1: Consider the fuzzy numbers  n i Ai ,..., 2 , 1 ,   
Step 2: Obtain k  by using (3.5) 
Step 3: Obtain fuzzy numbers  n i Ai ,..., 2 , 1 ,
~*   by using(3.6)    
Step 4: Obtain the values of 
*
max
*
min,d a  and 
*  by using Definition3.2. 
Step 5: Obtain the values of  n i S S
R
i
L
i ,..., 2 , 1 ,  , by using (3.7), (3.8). 
Step 6: Obtain the values of  n i Si ,..., 2 , 1 ,   by using (3.9) 
Step 7: Rank the fuzzy numbers  n i Ai ,..., 2 , 1 ,   based on the ranking area values n i Si ,..., 2 , 1 ,   
by using (3.10) 
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4 Numerical examples 
Example 4.1. Consider the following fuzzy sets: 
set 1:  ) 5 , 4 , 2 (
~
), 5 , 3 , 1 (
~
2 1   A A  
set 2: ) 6 , 5 , 3 (
~
, ) 6 , 5 , 1 (
~
), 6 , 4 , 2 (
~
3 2 1    A A A  
According to the proposed method, we have: 
in set 1: 
2 . 0 )
~
( 2 . 0 )
~
( 1 1   A S A S
R L  
1 . 0 )
~
( 4 . 0 )
~
( 2 2   A S A S
R L  
36 . 0 16 . 0 2 1    S S  
2 1
~ ~
A A  Then we have:  
 
:in set 2 
17 . 0 )
~
( 335 . 0 )
~
( 1 1   A S A S
R L  
085 . 0 )
~
( 335 . 0 )
~
( 2 2   A S A S
R L  
085 . 0 )
~
( 505 . 0 )
~
( 3 3   A S A S
R L  
465 . 0 3087 . 0 286 . 0 3 2 1     S S S  
 
1 2 3. A A A  Then we have:  
 
 
 
 
Figure 1: set 1 of example 4.1. 
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Figure 2: set 2 of example 4.1. 
 
Example 4.2. Consider the triangular fuzzy numbers  ) 1 . 0 ; 7 , 6 , 2 (
~
1  A  and  ) 5 . 0 ; 7 , 4 , 2 (
~
2  A  as show in 
fig. 3 usingalgorithm, we have  027 . 0 1  S ,  014 . 0 2  S . Therefore, the ranking order of fuzzy numbers is
1 2
~ ~
A A   
 
 
Figure 3: The fuzzy numbers   ̃ and   ̃ in example 4.2. 
 
Example 4.3. Consider the following fuzzy numbers taken from [19]: 
set 1:  ̃ =(0.4,0.5,1),   ̃ =(0.4,0.7,1),  ̃ =(0.4,0.9,1). 
set 2:   ̃ =(0.3,0.4,0.7,0.9),   ̃ =(0.3,0.7,0.9),   ̃ =(0.5,0.7,0.9). 
set 3:  ̃ =(0.3,0.5,0.7),   ̃ =(0.3,0.5,0.8,0.9),   ̃ =(0.3,0.5,0.9). 
Figurs 4-6 present the three sets in example 4.3. The ranking orders by different methods are reported in 
Table 1. The orders obtained from the CV uniform distribution applied on set 1 and set 3 and Deng et al 
[8] method on set 2 differs from other methods and the ranking order resulted from these methods are 
unacceptable.The results obtained from the proposed algorithm in these parts are similar to the ones 
obtained from other methods. 
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Table 1: Comparison of the other methods for example 4.3 
Set 3   Set 2   Set 1   Fuzzy 
number  
Authors  
0.707 
0.802 
0.746 
  ̃      ̃      ̃  
0.759 
0.815 
0.860 
  ̃      ̃      ̃  
0.790 
0.860 
0.927 
  ̃      ̃      ̃  
 
  ̃  
  ̃  
  ̃  
 
Cheng distance [6]  
0.0133 
0.0305 
0.0275 
  ̃      ̃      ̃  
0.0328 
0.0246 
0.0095 
  ̃      ̃      ̃  
0.0272 
0.0214 
0.0225 
  ̃      ̃      ̃  
  ̃  
  ̃  
  ̃  
 
Cheng CV [6] 
0.250 
0.315 
0.275 
  ̃      ̃      ̃  
0.285 
0.325 
0.350 
  ̃      ̃      ̃  
0.299 
0.350 
0.399 
  ̃      ̃      ̃  
  ̃  
  ̃  
  ̃  
 
Chu and Tsao [7] 
0.207 
0.336 
0.237 
  ̃      ̃      ̃  
0.313 
0.264 
0.288 
  ̃      ̃      ̃  
0.264 
0.290 
0.318 
  ̃      ̃      ̃  
  ̃  
  ̃  
  ̃  
 
Deng et al [8] 
1 
1.250 
1.100 
  ̃      ̃      ̃  
1.150 
1.300 
1.400 
  ̃      ̃      ̃  
1.200 
1.400 
1.600 
  ̃      ̃      ̃  
  ̃  
  ̃  
  ̃  
 
Sign distance method 
p=1 
0.726 
0.942 
0.817 
  ̃      ̃      ̃  
0.876 
0.952 
1.003 
  ̃      ̃      ̃  
0.887 
1.020 
1.160 
  ̃      ̃      ̃  
  ̃  
  ̃  
  ̃  
 
Sign distance method 
p=2 [1] 
0.500 
0.625 
0.550 
  ̃      ̃      ̃  
0.575 
0.650 
0.700 
  ̃      ̃      ̃  
0.600 
0.700 
0.800 
  ̃      ̃      ̃  
  ̃  
  ̃  
  ̃  
 
Asady and 
Zendenam [2] 
0 
0.0750 
0.0388 
  ̃      ̃      ̃  
0 
0.0524 
0.200 
  ̃      ̃      ̃  
0 
0.0476 
0.1364 
  ̃      ̃      ̃  
  ̃  
  ̃  
  ̃  
Wang et al [16] 
0.0714 
0.1387 
0.1044 
  ̃      ̃      ̃  
0.1396 
0.2451 
0.3636 
  ̃      ̃      ̃  
0.1019 
0.1837 
0.2958 
  ̃      ̃      ̃  
  ̃  
  ̃  
  ̃  
 
Mahmodi nejad 
And Mashinchi [14] 
 
 
Table 2:The results of the proposed method of the example 4.3 
 
Authors   Fuzzy 
number  
Set 1   Set 2   Set 3  
Proposed Algorithm    ̃  
  ̃  
  ̃  
 
0.04 
0.130 
0.238 
  ̃      ̃      ̃  
0.04 
0.19 
0.29 
  ̃      ̃      ̃  
0.0820 
0.1037 
0.08979 
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Figure 4: Fuzzy Set 1 in example 4.3. 
 
Figure 5: Fuzzy Set 2 in example 4.3. 
 
Figure 6: Fuzzy Set 3 in example 4.3. 
 
 
0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.2
0.4
0.6
0.8
1
1.2
1.4
A
1 A
2
A
3
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
A
1
A
2
A
3
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.2
0.4
0.6
0.8
1
1.2
1.4
A
1
A
2
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Example 4.4. Consider the following fuzzy sets: 
set 1:  ̃ =(-5,-4,-3),   ̃ =(1,4,7). 
set 2:   ̃ =(-5,-3,-1),   ̃ =(-3,2,5). 
according to the proposed method, we have: 
 
in set 1: 
495 . 1 )
~
( 07 . 0 )
~
( 1 1   A S A S
R L  
215 . 0 )
~
( 065 . 1 )
~
( 2 2   A S A S
R L  
87 . 0 02 . 0 2 1    S S  
Then we have: 2 1
~ ~
A A   
 
in set 2: 
4 . 1 )
~
( 2 . 0 )
~
( 1 1   A S A S
R L  
3 . 0 )
~
( 9 . 0 )
~
( 2 2   A S A S
R L  
69 . 0 08 . 0 2 1    S S  
Then we have: 2 1
~ ~
A A   
 
 
 
 
Figure 7: Fuzzy Set 1 in example 4.4. 
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Figure 8: Fuzzy Set 2 in example 4.4. 
 
5 Conclusion 
In this paper, a new approach was proposed for to rank fuzzy numbers.  With the help of proposed 
method, it is so simple to ranking normal and non-normal trapezoidal fuzzy numbers. We introduced the 
index based on the left and right area and minimum of heights for ranking fuzzy numbers. Validity of the 
proposed method was compared with other ranking methods by some examples. 
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